Introduction
Matter appears in Nature in different physical states called phases. The transformation between these phases constitutes one of the most amazing phenomena that surround us and that we are all familiar with. The condensation of steam into clouds or liquid drops, the formation of ice or the boiling of water, are just common examples of phase transitions that are important in a wide variety of scientific and technological fields. The mechanism that controls the initiation and the fate of most phase transitions is called nucleation, and tries to explain the formation of the first embryos or nucleus of the new phase in the initial metastable phase. [1] [2] [3] [4] [5] [6] Nucleation triggers most first order phase transitions such as condensation (i.e. the formation of a liquid from a supersaturated vapour), crystallization, cavitation and boiling (the formation of vapour bubbles in an overstretched or superheated liquid). Given the ubiquitous occurrence of phase transitions, nucleation is crucial in a wide scope of scientific and technological fields that range from nuclear events to the formation of planets and galaxies. Fascinating examples include the development of new materials, atmospheric phenomena like precipitation, haze and aerosol formation, the stability of pharmacological compounds, many protein aggregation-induced diseases like cataracts, Alzheimer or sickle cell anemia, the self-assembly of viral capsids, the cryopreservation of food, the damage by cavitation in pumps and propellers, or the explosive vaporization of liquefied gases. This widespread occurrence has stirred an intense and longstanding interest in the study of nucleation since the first investigations of Fahrenheit on metastability in the eighteen century. 7 However, nucleation remains one of the few fundamental classical problems that it is not completely understood. The reason resides in the intrinsic non-equilibrium nature of the problem.
To better understand the peculiarities of this phenomenon, let us focus on one of the most familiar manifestations of nucleation: the formation of ice. Ice is the thermodynamically most stable phase of water at normal pressure below 0 1C. However, it is possible to keep liquid water undercooled at temperatures below zero degrees for long times in a metastable state. The transformation of liquid water into ice starts by the formation by thermal fluctuations of small aggregates of liquid molecules forming tiny crystal-like clusters. The generation of these clusters is favoured by the energy gain associated to the fact that ice is the most stable phase (i.e. it has a lower chemical potential). But it also involves an energetic cost associated to the formation of an interface between the incipient solid phase and the metastable liquid. The competition between these two terms originates an energetic barrier that has to be surmounted for the new phase to appear (see Figure 15 .1), and that constitutes the ultimate reason of the long term prevalence of metastable phases. For very small crystals, the surface penalty dominates, and they tend to dissolve back into the liquid phase. In very large crystals, the bulk energy gain overcomes the surface penalty and favours their spontaneous growth. Therefore, there exist a special size of these incipient crystallites, called the critical size or the critical cluster that signals the frontier between growth and decay of the new phase. Clusters of the new phase have to reach at least this critical size to trigger the formation of the new phase, and this critically-sized cluster constitutes the embryo and most important entity in the process of phase transformation. The energy required in its formation is known as the nucleation barrier, and the rate at which critical-sized clusters are formed is called nucleation rate, and its prediction constitutes one of the major goals of nucleation theories.
For more than a century, our understanding of nucleation has been dominated by the ''Classical Nucleation Theory'' (CNT), developed by the pioneering works of Volmer and Weber, 8 Farkas, 9 Becker and Döring, 10 Frenkel, 3 and Zeldovich, 11 among others. This classical picture provides a reasonable and simplified picture of nucleation that can be used to make straightforward predictions of rates for any substance. For many years, CNT was thought to be enough to describe nucleation. But the development in the last decades of accurate experimental techniques to measure nucleation rates revealed the severe limitations of this classical picture and stirred a renewed interest in the field. Non-classical theories, including phenomenological, kinetic or density functional techniques have been developed with the aim of overcoming the limitations of CNT. 1, 6, 12 Despite significant advances in our comprehension of the qualitative mechanisms of nucleation, we are still very far from being able to predict accurately and quantitatively the occurrence of this phenomenon, not even for the simplest case of condensation of a noble gas as Argon, where the discrepancies between theory and experiments can reach more than 20 orders of magnitude! 13 One of the main difficulties in the study of nucleation stems from its intrinsic non-linear, non-equilibrium and nano/mesoscopic nature. That is why non-equilibrium thermodynamics constitutes the appropriate framework to deal with this problem. In particular, in this chapter we will see how mesoscopic non-equilibrium thermodynamics (MNET), 14, 15 described in Chapter 14, can provide a proper description of the kinetics of nucleation phenomena and shed light on many of the controversies and limitations surrounding CNT.
For simplicity, we will focus most of our discussion on the particular case of condensation of single component vapours, since crystallization or other instances of nucleation offer additional complications more often related to the thermodynamic rather than to the non-equilibrium aspects of the problem. Classical Nucleation Theory, DG CNT (n), resulting from the addition of bulk and surface contributions. The reaction coordinate is in this case the number of molecules in a cluster n. The maximum height of the barrier or nucleation barrier, DG*, is located at a special value of the size known as critical size n*.
The chapter is organized as follows. First, in Section 15.2, we briefly review the classical description of the kinetics and thermodynamics of nucleation. Section 15.3 is then devoted to the derivation of the kinetic equation describing nucleation in the framework of MNET. This equation will be later used in Section 15.4 as the basis to develop a novel and efficient technique to analyze experiments and simulations of nucleation and extract all relevant parameters. Next, we will see how the same ideas can be extended and used to describe the influence of non-isothermal (Section 15.5) and pressure effects (Section 15.6) or the presence of thermal or velocity gradients (Section 15.7). Finally, a brief discussion of the main conclusions and perspectives will close this chapter.
Kinetics and Thermodynamics of Nucleation:
Classical Nucleation Theory
As mentioned in the introduction, nucleation theories aim at describing the formation of the first clusters of the new phase that, when exceeding a certain critical size, trigger the phase transformation. In the classical nucleation theory of condensation, the formation of these clusters is considered as a sort of chemical reaction where clusters containing n molecules can grow or shrink by the addition or loss of individual molecules. Accordingly, the population or number density f(n,t) of clusters of a given size n at time t is described by the following master equation:
where k 1 (n) and k À (n) are, respectively, the rate of attachment and detachment of individual molecules to a cluster of size n. The rate of attachment can be properly described by kinetic theory of gases as
AðnÞ, i.e. the rate of collisions of gas molecules of mass m at pressure p to a cluster of surface area A(n). But it is more difficult to estimate accurately the evaporation rates. That is the reason why it is common to resort to detailed balance considerations to re-express k À (n) in terms of the known rate of attachment k 1 (n) and the equilibrium distribution f eq (n) as
where DG(n) is the reversible work of formation of a cluster of n molecules at constant pressure p and temperature T, which are the usual conditions at which nucleation takes place. In this way we have converted a complicated kinetic problem into a thermodynamic problem of evaluating the proper Gibbs energy of formation of a cluster. This is still not an easy question, since the clusters of interest for nucleation are unstable and contain only a few molecules. Nevertheless, in the context of CNT these clusters are modelled as tiny spherical objects with a sharp interface and having the same properties as the homogeneous bulk phase. With these simplifying assumptions, that are the core of the so-called capillarity approximation, it is then straightforward to express the Gibbs energy of formation of a cluster of n molecules as the sum of a volume and interfacial terms
where Dm is the difference in chemical potentials between the new and the metastable phase (i.e. between the liquid and the vapour phase in the case of condensation), s is the surface tension of a flat interface of the liquid, and A(n) is the surface area of the spherical droplet containing n molecules. The competition between these two terms gives rise to a barrier, with a maximum located at the critical size n* and a height that defines the nucleation barrier DG* DG(n*) (see Figure 15 .1). Further assuming that the vapour is ideal and the liquid incompressible with a volume per molecule v l , one gets very simple explicit expressions for these two quantities
It is important to emphasize that, given the small nature of the nucleating clusters, the proper thermodynamic work of formation depends on the external control variables and can lead to interesting surprises and finite size effects in the case of closed systems. 4, 16, 17, 52, 53 The previous discussion solves the equilibrium part of the problem. However, nucleation is intrinsically a kinetic problem. In the context of CNT, the kinetics of nucleation and the nucleation rate is commonly obtained by either summing up the set of master equations eqn (15.1) or by approximating it into a continuous Fokker-Planck-like equation. In the following section, we will show how this equation can be rigorously derived in the framework of MNET.
Nucleation Kinetics using MNET
The main distinctive characteristic of nucleation is that it is an activated process: a free energy barrier has to be surmounted to form a large enough cluster that can then grow spontaneously. Many non-equilibrium processes in Nature bear this activated character, whose defining trait is a highly nonlinear response to the driving forces. This nonlinear aspect makes conventional non-equilibrium thermodynamics, described in Chapter 1, inapplicable to describe accurately activated processes.
In this section, we will see how MNET, introduced in Chapter 14, constitutes an ideal framework to derive the proper kinetic equations describing nucleation phenomena. As indicated in Chapter 14, MNET is a powerful, systematic and simple theory to describe the kinetics of nonequilibrium processes occurring at a mesoscopic scale in terms of arbitrary coordinates or degrees of freedom. It combines the systematic rules of non-equilibrium thermodynamics (NET) with the flexibility of Statistical Mechanics in describing the state of any system in terms of its probability distribution.
Let us assume that the state of the system can be fully specified by a single or, in general, a set of variables or coordinates that will be denoted by g. These coordinates can represent the orientation of a spin, the length of a chain, the velocity of Brownian particle, or in the case of nucleation the radius or number of molecules of a cluster, as shown in Figure 15 .1. In MNET, the out of equilibrium evolution of the system is then conceived as a kind of diffusion over the equilibrium landscape DW(g), that represents the minimum reversible work required to create that state of the system (see Figure 15 .2a). This thermodynamic potential landscape dictates the equilibrium distribution, according to the standard Boltzmann's expression
The key point of MNET is the connection between Statistical Mechanics and NET, established through the statistical mechanics definition of the entropy given by Gibbs' entropy postulate 15, 18 dS ¼ À k B ð df ðg; tÞ ln f ðg; tÞ f eq ðg; tÞ dg; (15:7) where f(g,t) represents the probability that the system is at state g at time t.
In general, the evolution in time of this probability is governed by the continuity equation @f ðg; tÞ @t ¼ À @ @g Jðg; tÞ; (15:8) where J(g,t) is a generalized current or density flux in g-space that has to be specified. By taking the time derivative of eqn (15.7), inserting eqn (15.8), and making an integration by parts, one obtains the entropy production
Jðg; tÞ @ @g ln f ðg; tÞ f eq ðg; tÞ dg; (15:9) which has the usual form of a product of a current, J(g,t), and a generalized thermodynamic force Àk B @ @g ln f ðg; tÞ f eq ðg; tÞ , expressed in terms of the variations of the probability with respect to the equilibrium distribution.
Following the standard procedure of NET, we assume a linear phenomenological relation between the flux and the force that clearly evidences the drift-diffusion nature of this equation. The first term represents the diffusion, and the second term the drift due to a thermodynamic force À @DW ðgÞ @g .
The general form of this equation makes it applicable to a wide variety of non-equilibrium problems that include for instance chemical reactions, entropic transport or the dynamics of single biomolecules. 15 Let us particularize it for the case of nucleation, using the number of molecules in a cluster n, as our reaction coordinate. As described in the introduction, nucleation can be viewed as a diffusion process over a free energy landscape. In the case of nucleation at constant pressure, temperature and number of molecules, the proper thermodynamic potential or minimum reversible work DW(n) is the Gibbs energy of formation of a cluster of a given size DG(n) (see Figure 15 .1). With this prescription in eqn (15.14), the corresponding kinetic equation for the evolution of the population of clusters becomes
The previous expression constitutes the classical Frenkel-Zeldovich equation that is the basis of the study of nucleation kinetics, 3 where the diffusivity coefficient in size space D(n) k 1 (n) is just the rate of attachment of molecules to a cluster of size n. It is remarkable that this equation was also derived by Lothe using a similar procedure inspired by NET. 19 It is worth emphasizing that, using MNET, it is possible to derive descriptions of the kinetics of nucleation using alternative variables or reaction coordinates. For instance, one could use the radius of the cluster instead of the number of molecules, or a global order parameter describing the global degree of crystallization, such as the one used by Frenkel and coworkers in their simulations. 20, 21 More refined and elaborated descriptions in terms of a density functional, resembling Dynamical Density Functional Theory, or using a hydrodynamic description in terms of density and velocity fields, can also be successfully implemented, as reviewed in ref. 54 .
With these Fokker-Plank-like equations, one obtains a complete time dependent description of nucleation that accounts for transient effects and the potential influence of an initial distribution of pre-existing clusters. Careful analysis of transient and non-stationary effects in nucleation can be found in ref. 1, 5 and 22. However, for most practical purposes and in experiments, the quantity of central interest is the steady-state nucleation rate, that in the case of a significantly high nucleation barrier, is given by the simple expression 15:16) where N 1 is the total number of monomers, V is the volume, and
is the Zeldovich factor, a correction associated with the local curvature at the top of the barrier that accounts for the possibility that nearly critical-sized clusters dissociate back to the solution. The steady state nucleation rate adopts the standard expression of an activated process, depending exponentially on the height of the nucleation barrier, i.e. the work of formation of critical-sized clusters. These critical clusters are unstable objects made typically by a few molecules, and its formation is a rare event of stochastic nature. That is the reason why the accurate evaluation of nucleation rates, critical cluster sizes and nucleation barriers, is challenging not only in experiments but also in molecular simulations. Nevertheless, the activated nature of the process and its conception as a generalized diffusion process over a thermodynamic potential landscape in the framework of MNET has opened the door to novel analysis and simulation techniques, described in the following section.
Novel Simulation Techniques to Study Nucleation
One of the main advantages of having recast the kinetics of nucleation into the general framework of stochastic and activated processes is the possibility of using the vast knowledge acquired in these fields to develop novel techniques to analyze nucleation.
In particular, one of the important concepts in the theory of stochastic processes is the mean first-passage time (MFPT) that for activated processes is ultimately related to the steady-state rate of barrier crossing. 23 In a general one-dimensional case, the MFPT t(g 0 ;a,b) is defined as the average time required for a system initially at g 0 to leave the region [a,b] for the first time (see Figure 15. 2). Its value depends on the nature of the boundary conditions. For nucleation, the variable g will represent, for instance, the number of molecules n of the largest cluster in the system and the proper boundary conditions are reflecting at size n 1 (typically, n 1 ¼ 1) and absorbing at size n b . In that case, the explicit expression of the MFPT becomes 15:18) where by using the notation t(n b ) we want to emphasize that we will focus on the behavior of the MFPT in terms of n b for a fixed starting size n 0 . This behavior exhibits two important characteristics for sufficiently high activation barriers bDG*c1. First, t(n*), i.e. the average time required to reach the critical size for the first time, is related to the steady state nucleation rate as J ¼ 1/(2t(n*)), where the factor 1/2 reflects the fact that clusters at the top of the barrier have a 50 % chance of falling to either side. Second, the critical cluster size is very approximately located at the inflection point of the curve t(n b ), as shown by Figure 15 .2. More importantly, for sufficiently high barriers, the MFPT in eqn (15.18) can be evaluated analytically using the steepest descent approximation, yielding 15:19) where n* is the critical cluster size, erfðxÞ ¼ 2
is the local curvature around the top of the barrier, and t J ¼ 1/(JV) is the inverse of the steady-state nucleation rate. This simple expression offers an accurate and simple way to obtain all relevant kinetic information of a nucleation phenomenon, namely the nucleation rate J, critical cluster size n * , and Zeldovich factor Z, by simple evaluating the MFPT as a function of cluster size and then fitting it to eqn (15.19) . This procedure can be implemented in different types of molecular simulations (e.g. Molecular Dynamics (MD), Brownian Dynamics, Kinetic Monte Carlo. . .) as well as in experiments. It has been in fact extensively used in the recent literature to study different aspects of condensation, 25 homogeneous 26 and heterogeneous crystallization 27 or cavitation 28, 29 in a wide variety of systems.
In a simulation, the MFPT can be evaluated in practice by monitoring the size of the largest cluster present in the system and the time t i (n) at which this largest cluster reaches each particular size n for the first time. The mean first passage time t(n) for any size n is then obtained by averaging t i (n) over R realizations of the simulations with different initial configurations, namely: However, one can even go one step further and use the MFPT to reconstruct the full Gibbs energy landscape of cluster formation DG(n) directly from a dynamic simulation or experiment. The ingredients required to accomplish that are just two: the MFPT, t(n), and the steady state probability distribution for the largest cluster, P st (n) that can be simply obtained by making a histogram of the size of the largest cluster accumulated in all simulation runs at a given set of fixed conditions (see Figure 15 .4). Combining these two ingredients, it is possible to reconstruct the Gibbs energy landscape of cluster formation for any interval of sizes n 1 rnrb, by calculating first In the previous equations n 1 is a reference size, typically n 1 ¼ 1, and b represents an absorbing boundary up to which we sample both P st (n) and t(n). The details of the derivation of eqn (15.20) and (15.21) starting from the Fokker-Planck eqn (15.15), can be found in ref. 30 . As an example, Figure 15 .4 shows the MFPT, t(n), the steady state cluster size distribution P st (n) and free energy of cluster formation DG(n) reconstructed using (15.20) and (15.21) (symbols), compared to Àln P st (n) (dashed line), which would be the standard way to get the free-energy landscape from a given equilibrium probability distribution P eq (n). Reprinted with permission from ref. 30 31 With these novel techniques, it has been possible to obtain complete thermodynamic and kinetic information of different nucleation phenomena, as well as to unveil several controversial aspects of nucleation such as the proper definition of liquid clusters in the context of condensation, 32 the validity of CNT at extreme conditions, 33 or the importance of non-isothermal effects and pressure of carrier gas described in the following two sections.
Non-isothermal Nucleation
The advantages of treating nucleation in the context of non-equilibrium thermodynamics become more evident in the case of dealing with additional influences or couplings in the process. NET offers a systematic framework where these influences can be properly and rigorously incorporated in the dynamic description of the problem. Perhaps the best example is the accounting of non-isothermal effects in nucleation.
The formation of a liquid drop in a metastable vapour or a crystal in a supercooled liquid involves a significant release of energy, associated to the latent heat. For very small clusters or at rapid conditions of formation, this may lead to a significant change in the temperature of the nucleating clusters. The problem is that nucleation is extremely sensitive to the temperature. More precisely, both the equilibrium vapour pressure and the evapouration rate depend exponentially on the value of temperature, leading to huge variations of the nucleation rate with tiny changes of temperature. For instance, nucleation rates in the condensation of argon change by more than 25 orders of magnitude upon varying the temperature just by 5 K. Given the extreme sensitivity of nucleation rates to temperature, non-isothermal conditions and the unavoidable thermal fluctuations during nucleation were suggested as a possible explanation of the huge discrepancies between the predictions of CNT and experiments. 34, 35 A proper NET framework to account for non-isothermal effects and energy fluctuations for nucleating clusters was developed in 1966 in a remarkable work by Feder, Russell, Lothe, and Pound 36 that we will now adapt to the terminology of MNET. The key idea was to incorporate the energy E of the clusters as a second important variable required for a proper description of the state of a nucleating cluster. In terms of these two variables, a cluster of size n can evolve in size-space by the addition or loss of an individual molecule, and this change of size is accompanied by an increase or decrease of its energy by an amount related to the latent heat. In addition, a cluster of a fixed size n can change its energy by collisions with vapour molecules (that do not end up in the cluster) or other carrier gas molecules present in the system, as depicted schematically in Figure 15 .5. Thus, the evolution in time of the distribution of clusters characterized in terms of these two variables, the number of molecules n and their energy E, will now be dictated by the 2D continuity equation @f ðn; E; tÞ @t ¼ À = Á J; (15:22) where J ¼ (J n , J E ) is a two dimensional flux composed by the current in size J n and in energy space J E . Following the ideas of NET, a linear phenomenological relation can be proposed between the generalized flux J and the thermodynamic force r ln f ðn; E; tÞ f eq ðn; EÞ , yielding
( 15:23) where
is a two dimensional generalized diffusion coefficient. In the previous expression, z ¼ p ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi ffi 2pmk B T 0 p is the rate of collisions to a cluster of size n, A(n) is the surface area of the cluster, T 0 is the temperature of the heat bath, is the energy increase upon the addition of a molecule, given by the latent heat h corrected by the energy spent in increasing the area of the cluster, and
is the typical amplitude of energy fluctuations due to collisions with their own vapour molecules (first term) or carrier gas molecules (second term), with z c ¼ p c ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi ffi 2pmk B T 0 p the collision frequency of carrier gas molecules, p c the pressure of the carrier gas, and c V and c V,c the specific heats of the condensable and carrier gas vapours, respectively. For ideal gases, the last expression can be simplified to 15:27) where N c and N are the number of carrier gas and condensable molecules and m, m c their respective masses. Note that, somehow counter intuitively, lighter carrier gases are more effective as heat baths, due to their higher collision frequency. It is reasonable to assume that equilibration in the energy space will proceed faster that in size space. By assuming J E ¼ 0, and solving for J n one obtains a simple expression for the non-isothermal nucleation rate 15:28) in terms of the isothermal nucleation rate J iso . Thus, non-isothermal effects essentially depend on the ratio between the energy provided by the latent heat, q, and the energy that is removed by collisions b. When q/b{1, nucleation proceeds under nearly isothermal conditions, whereas for q/bc1, significant deviations are expected, as shown in Figure 15 .6. By assuming that the equilibrium distribution of clusters in size and energy space was Gaussian, and by locating the saddle point in the effective 2D barrier towards nucleation, Feder et al. also derived a simple expression for the change in energy and temperature of the nucleating clusters
The previous expression predicts that clusters larger than the critical size, for which @DGðnÞ @n o 0, tend to be hotter than the bath temperature, whereas clusters smaller than the critical size tend to be colder. This striking prediction is still the subject of much controversy, having its roots in the still unsolved issue of the proper definition of temperature and its fluctuations for small systems.
37-44
The importance of non-isothermal effects, the influence of temperature fluctuations, and the efficiency of different thermostats was tested in ref. 45 using extensive MD simulations and the accurate analysis techniques described in the previous section. The results of these simulations for nonisothermal nucleation rates and cluster temperatures could be almost quantitatively explained by the predictions of Feder et al. Somewhat surprisingly, the use of different thermostats did not have a significant influence on the nucleation rates. More importantly, non-isothermal effects lead to a significant heating up of the average temperature of the cluster that can reach tens of degrees for large post-critical clusters. Nevertheless, in accordance to the predictions of eqn (15.28), they only lead to a decrease of nucleation rates of at most 2 to 3 orders of magnitude for systems with large values of the latent heat and in the absence of thermalizing carrier gas molecules. This decrease of nucleation rates can be considered modest, compared to the extreme sensitivity of nucleation rates to the bath temperature indicated at the beginning of this section.
Concerning cluster temperatures, the average temperature of all cluster sizes is always higher than the bath temperature, but its distribution for a given size is non-Gaussian, with a peak or most probable temperature which seems to be lower than the bath temperature for subcritical clusters and hotter for post-critical clusters, in accordance with the predictions of Feder et al. (see Figure 15 .7). It is worth remarking that recent works have emphasized the fact that the previous results can also be fitted by an alternative definition of cluster temperature that makes it coincide with the average temperature. 43, 44 Alternative NET studies of non-isothermal effects, focusing on the global mass and energy balance, rather than on the local energy and size distribution of the individual clusters have also been provided, successfully explaining non-isothermal variations of the nucleation rate in terms of measurable heat fluxes. 46 
The Influence of Carrier Gas Pressure on Nucleation
One of the most puzzling and controversial issues in the experiments of nucleation was the role of the carrier gas. This carrier gas was a physically and chemically inert gas (typically Ar, Xe or He) that was added to the condensable species with the main role of getting rid efficiently of the latent heat released during the nucleation and thus guaranteeing proper isothermal conditions. As such, the pressure p c (measuring the amount of added gas) of the carrier gas was expected to show no influence on the measured nucleation rates. However, experimental measurements using different substances and techniques reported contradictory and puzzling results: either no effects (typically in nucleation pulse chambers), an increase (in diffusion and sometimes in laminar flow chambers) or a decrease (mostly in laminar flow chambers) of nucleation rates with the pressure of the carrier gas. This puzzling influence of the carrier gas was explained in ref. 47 in terms of accounting properly for the simplest influence of an inert carrier gas. First, the formation of a liquid drop in the presence of a carrier gas requires an extra work associated to the pressure-volume (pV) work against the ambient pressure. This leads to a different height of the nucleation barrier due to the pV work that, for an ideal vapour and incompressible liquid, is accounted for by introducing an effective chemical potential
This yields to a modified nucleation rate
The second main influence of the carrier gas is in the thermalization of the nucleating clusters, whose rate of formation under general non-isothermal conditions was given by eqn (15.28) . By combining these two effects, a simple expression for the influence of the pressure of the carrier gas on the nucleation rate was derived
These two effects have an opposite influence, leading to a nontrivial dependence of nucleation rate on the pressure of the carrier gas which can be positive, negative or null, depending on the conditions, as evidenced in Figure 15 .8.
This prediction was tested against MD simulations of condensation of Lennard-Jones vapour in the presence of different amounts of carrier gas at different temperatures, showing a perfect agreement, as illustrated in Figure 15 .8b. Thus the proper accounting of the equilibrium (i.e. pV work) and non-equilibrium (i.e. non-isothermal) effects of the carrier gas was the key to solve this controversial issue.
Nucleation in the Presence of Gradients
The analysis developed in the previous sections has been focused on the simplest case of homogeneous, isothermal and isotropic nucleation. But the real process very often occurs in a media which in general has spatial, thermal or velocity non-homogeneities, which in turn may exert a relevant influence in the process. One example is the case of polymer crystallization, which may occur in the presence of strong thermal gradients and mechanical stresses, demanding a study of the process under non-isothermal and inhomogeneous conditions.
One of the advantages of using MNET to study nucleation is that it is relatively straightforward to deal with the presence of non-homogeneities, thus yielding a more realistic model of nucleation and crystallization. In this section, we will focus on the simplest cases in which the medium may affect the kinetics, namely the presence of temperature gradients, 48 and the impact of flow and stresses in the nucleation process. 49 In the case of homogeneous isotropic nucleation, we can leave spatial dependencies aside as the process occurs identically at any point of the system. However, when the system is inhomogeneous the conditions controlling condensation and crystallization vary from point to point of the material, and therefore a local description of the process must be considered. It is important to remark that nucleation involves two clearly differentiated length scales. Nucleation occurs on a mesoscopic scale, while thermodynamic quantities as pressure, temperature, density, etc. vary on a longer scale and can be considered as locally uniform for the nucleation events.
Taking these considerations into account, a local description of nucleation using MNET, was developed in ref. 48 and applied to describe nucleation in a temperature gradient. The resulting Fokker-Planck equation governing the evolution of the cluster distribution function in spatially inhomogeneous systems, in the diffusion regime, is 15:32) where D 0 is the spatial diffusion coefficient, D th is the thermal diffusion coefficient and f c (n,x,t) represents the distribution of clusters. The previous equation accounts for the effects of diffusion, thermal diffusion and cluster formation, represented by the three terms on the right hand side, respectively. Using this equation, it is possible to perform a detailed analysis of the influence of non-homogeneities and thermal gradients in real experiments for condensation and polymer crystallization. In the case of condensation in thermal 50 and laminar flow 51 diffusion cloud chambers, nucleation turns out to be not significantly affected by diffusion and thermal diffusion effects, when experiments are performed at normal conditions. However, in rarefied media, as in the upper atmosphere or for substances with low equilibrium vapour pressures, non-isothermal conditions can become extremely relevant. In the case of polymer crystallization, their low thermal conductivities, which set up very large gradients, and high values of the Soret coefficient increase the relevance of thermal diffusion leading to important alterations in real crystallization.
The presence of flows or, in general, stresses in the system constitutes another situation that can influence the nucleation process. This factor is particularly relevant in polymer crystallization, which often involves mechanical processing of the melt, such as extrusion, shearing or injection.
The description of the process of nucleation in the presence of flows was carried out in the framework of MNET in ref. 49 . The resulting equation, in the diffusion regime, is is the Brownian viscosity, and L ux is the friction tensor that couples the spatial and velocity currents. 49 The main effects that the presence of a shear flow exerts on the nucleation process can be summarized as follows. On one hand, the flow alters the transport and consequently the evolution of the growing clusters distribution function, which has implications in the effective nucleation and growth rate. On the other hand, the presence of a shear flow changes the spatial diffusion coefficient of the clusters, as shown by eqn (15.34) . Since the rate of addition of molecules to a cluster is roughly proportional to the diffusivity of the molecules, variations of the diffusion coefficient directly affect the value of the nucleation rate. Moreover, the presence of the flow destroys the isotropy of the system and leads to a distinction between growth rates (and diffusion) in different directions. Typical values of the parameters controlling this correction imply that this effect is not very important for condensation. However, the high viscosity and the peculiarities of polymer crystallization suggest that the presence of a shear flow may promote drastic changes in the process, as has been observed experimentally. At a more microscopic level, shear can also enhance the destruction of clusters. 55 
Conclusions
In this chapter we have shown how the application of NET can be very useful in the description of nucleation phenomena. In particular NET at the mesoscopic level provides a quite convenient framework to analyze and describe the kinetics of nucleation in terms of a set of relevant variables or reaction coordinates, such as the radius or number of molecules of a cluster, or the global degree of crystallization of a sample. This description, leading to a generalized Fokker-Planck like equation, has been the basis of novel techniques to accurately characterize nucleation phenomena in simulations and experiments. Additionally, one of the main advantages of NET over other non-equilibrium approaches is the rigorous and simple procedure to incorporate coupled effects and external influences, such as non-isothermal effects, temperature or velocity gradients. The resulting equations have been invaluable to understand better nucleation phenomena and to shed light on some of the controversies that still surround it. Important problems, such as the role of curvature on heat transfer, non-accommodation effects, or microscopic influences of shear on cluster formation, lie beyond the scope of the present work. A proper accounting of other equilibrium and nonequilibrium aspects will be the key to achieve the golden goal of being capable of having quantitatively accurate predictions of nucleation rates, thus solving an important problem that has puzzled scientists for centuries.
